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Abstract: The space holder technique is widely used to fabricate metal foams, especially titanium foam. However, how to obtain the 

desired porosities is a big challenge for this technique, because they are not always equal to the expected ones. The results of the 

previous study (i.e., P = ax + b, where a = 1/(1 + δ), b = δ/(1 + δ)) give a very interesting conclusion that is the change rate of pore vol-

ume (δ) is an indefinite mathematical constant. Based on the research work, we obtains a new result by establishing a mathematical 

model, which can be expressed as equation δ = φ − 1. Here, φ  is the length index product of the ratio between the actual length and the 

designed length of the sintered metal foam. It reveals that the length index product (φ) is also an indefinite mathematical constant 

and we can measure its value. Therefore, solving δ means both a and b are solved, so the porosity (P) of titanium foam can be pre-

dicted by the equation P = ax + b, depending on the spacer content (x). This indicates that in the absence of porosity measurements, 

the macroscopic dimensions of the sintered metal foam can be measured to obtain a controlling equation for porosity.  
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Titanium foam is a novel type of lightweight titanium 

material which has been developed rapidly in recent years 

because it has the properties of ultra-light metal. It has 

many prospects in the fields of aerospace, marine engi-

neering and biomedical than aluminum foam, due to the 

comprehensive properties of titanium, especially its cor-

rosion resistance, high temperature resistance, and bio-

compatibility  

[1]

. In addition, titanium foam with surface 

modification can also be used in the field of emerging 

technologies such as battery pack fluids  

[2]

 and photocata-

lyst carriers  

[3]

.  

Since the melting point of titanium is close to 1670 °C, 

titanium at high temperature and oxygen and nitrogen in the 

air have a strong chemical affinity. In order to solve the 

preparation problem, some scholars have turned to powder 

metallurgy because its sintering temperature requires only 

2/3 of the titanium melting point. However, it was until 

2000 that M. Bram first made a titanium foam with a po-

rosity between 60%~80% and a pore size between 0.1~2.5 

mm by space holder technique 

[4]

. Space holder technique, 

just as its name implies, is to add space holder to the tita-

nium powder ingredients, use space holder to occupy a 

space in the body, and then heat or dissolve the material to 

form a hole to prepare the titanium foam. Therefore, this 

method is also based on powder metallurgy. Compared with 

the porous titanium made by traditional loose sintering, the 

titanium foam has a higher porosity and a larger pore di-

ameter. These structural features can not only greatly re-

duce the weight of porous titanium, but also improve the 

performance of porous titanium.  

However, it is regrettable that the research on titanium 

foam is still in the laboratory stage and has not yet achieved 

real industrialization application. The main reason lies in the 

difficulty in forming a stable relationship between the proc-

ess and the structure of the process, especially the relation-

ship between the process and the pore structure. To this end, 

the author conducted a series of in-depth studies. In terms of 

technology, the author's two latest reviews show that the 
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method is the main preparation method for titanium foam 

[5]

, 

urea, ammonium bicarbonate and sodium chloride are the 

three main directions 

[6]

. Among them, urea is the most im-

portant. In the aspect of pore structure, the authors' latest re-

search shows a linear relationship between porosity and 

spacer content. These two parameters are designed to be 

equal, but this is not the case. For example, the results show 

that the porosity is lower than the spacer content whenever 

the content or size of space holder changes 

[7-9]

. The works of 

other scholars have shown equal or greater experimental re-

sults. The difficulty of predicting the deviation from expecta-

tions has been the sword of Damocles, suspended in the head 

of every titanium foam researcher. To solve this problem, the 

author first thought about why the porosity would deviate 

from the expected value. After establishing the mathematical 

model, a new theory has been developed: there is a physical 

phenomenon that the macropores generated from the removal 

of space holder will shrink their volume during the sintering 

process 

[10]

. When the volume shrinkage of the macroscopic 

pores is larger than that of the microspore in the skeleton, the 

theoretical porosity is less than the experimental result of the 

pore volume. By a further investigation, the relationship be-

tween the porosity and the spacer content is linear through 

the bold hypothesis, that is P = ax + b 

[11]

. Its derivation is as 

follows: 

c

c

c

  

  

  

  

    

δ

δ δ

+ ∆ +

=

+ + ∆ +

∆ +

= +

+ + ∆ + + + ∆ +

+ ∆ +

= ⋅ +

+ + ∆ + + + + ∆ +

∆ +

+

= ⋅ +

∆ + ∆ +

+ +

+ +

∆

= ⋅ +

∆ ∆

+ +

= ⋅ +

+ +

� � �

� � � �

� � �

� � � � � � � �

� � � � �

� � � � � � � � � �

� �

� �

� � � �

� � � �

� �

� � � �

� � � �

�

� �

�

� �

�

� �

� � �

�

� � � �

� � �

� � � � � � � �

� � � � �

� � � � � � � � � �

� �

� �

�

� � � �

� � � �

�

�

�

� �

� �

�

 

where, P porosity, V

1 

the volume of space holder, V

2 

the 

volume of titanium powder, V

3 

the volume of micropores in 

the cell-walls, �V

1 

the volume change of macropores dur-

ing sintering process, S

c 

spacer content (S

c

= V

1

/(V

1

+ V

2

)), V 

the volume of the raw material (V= V

1

+ V

2

), �V the vol-

ume change of pores (�V =�V

1

+ V

3

), and δ the change rate 

of pore volume (δ=�V/V). Order that:  

1

1

a

δ

=

+

, 

1

b

δ

δ

=

+

, x=S

c

, then� 

P ax b= +
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Boldly assume that the change rate of pore volume (δ) is 

a constant. That is, its value will remain unchanged with the 

change in the content of space holder. So a and b are con-

stants. Thus, Eq. (1) is a linear equation in theory. Use the 

data in the existing literature to carefully verify. The results 

show that although the parameters of powder composition, 

size and type of space holder, pressing pressure, sintering 

temperature and time will affect the final porosity of tita-

nium foams, this does not prevent the linear relationship 

between the porosity and the spacer content. This not only 

proves that the assumption is true, but also calculates the 

value of δ by the linear equation. Moreover, the values of δ 

vary under different technological parameters, which ranges 

from −0.03 to 0.76. Hence, δ is not just a constant, it is still 

an indefinite mathematical constant. Similarly, a and b are 

also two indefinite mathematical constants, whose value 

ranges are 0.57~1.03 and −0.03~0.43, respectively. Besides, 

a + b=1. From the point of application, Eq. (1) is also ap-

plicable to other foam metals prepared by space holder 

technique, such as aluminum foam. In this work, the spacer 

contents (%) and porosities (%) are 52, 58, 63, 67, 71, 75, 

79, 83, and 52, 59, 64, 68, 73, 77, 80, 84, respectively 

[12]

. 

As a result, the porosity can be expressed as P =1.033x− 

0.011 with linear fitting. In addition to the porosity, the 

mechanical properties can also be predicted via the spacer 

content, which only needs the combination of the Gib-

son-Ashby model equations between pore structure and 

properties 

[13]

. For example, the relationship between rela-

tive Young modulus and porosity in Esen’s work is 

E/E

s

=1.589(1 − P)

4.72

 

[14]

. According to our theory, the rela-

tionship between porosity and spacer content can be taken 

as P = 0.796x + 0.141. Putting it into the former equation, 

E/E

s

 = 0.54(x−1.08)

4.72

 can be obtained. For the yield 

strength, it can also be obtained that σ/σ

s

= 0.94(x −1.08)

3.57

. 

Our theory equation was experimentally validated by 

peer scholars from Delft University of technology in the 

Netherlands, shortly after the publication of the paper

 [15, 16]

. 

The relationship between porosity and spacer content is 

linear for the sintered foams (P = 1.070x − 13.747), as well 

as for the green compacts (P = 1.145x − 15.381). Our theory 

can lead to more interesting experiments, and there are also 

some scholars who cited our paper when introducing the 

method for space holder technique 

[17,  18]

.  

In fact, the key to solving the problem is the change rate 

of pore volume, namely δ. The previous work has revealed 

that δ is an indefinite mathematical constant, but the reason 

is unknown. If we can obtain δ value in other ways without 

measuring the porosity, we can also derive the prediction 

equation for the porosity, because both the slope and inter-

cept in Eq.(1) are directly dependent on δ. However, if x is 

known but P is unknown, δ can not be solved by Eq.(1).  

1  Derivation of Model Equation 
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It is well known that the size control of the sintered body 

is very important in the design and fabrication of powder 

metallurgy products. Normally, the size of the parts and the 

blank modulus should be the same or proportional. Changes 

in size often lead to changes in shape. In order to reduce the 

size change and the shape change, the sintered body should 

have a uniform linear shrinkage. For titanium foam, the 

macropores exacerbates the size change and shape change 

of the sintered body, but the shrinkage mechanism is un-

changed. If the variable x in Eq.(1) and the calculation for-

mula of the dependent variable P change with size and 

shape change, there may be some relationship between δ 

and the linear shrinkage of the sintered body. To facilitate 

the study, we take the cube as an example.  

When we prepare titanium foam with a cubic shape, we 

can use Fig. 1 to describe the size change and the shape 

change brought about by the sintering process.  

As can be seen from the diagram, the skeleton of the de-

signed model is completely compact and contains only 

macropores. It has an equal length and width, denoted by 

the capital L. Assuming that its mass is m and the density of 

the frame material is ρ

s

, the spacer content x is calculated as 

follows: 

c

3

s

1

m

x S

L ρ

= = −  

Compared with the designed model, the shape of the sin-

tered model may be rectangle or square, depending on 

whether the line shrinkage rate in x, y and z directions is 

equal. If equal, it is a square, otherwise a rectangle. We use 

squares to represent the shape of the sintered model, and the 

length is denoted by the lowercase l. In the x, y and z coor-

dinates, the length, width and height are l

x

, l

y

 and l

z

, respec-

tively. The mass of the sintered model and the density of the 

skeleton material are equivalent to those of the designed 

model, which are denoted as m and ρ

s

, respectively. The 

calculation formula of the porosity P is as follows: 

s s

1 1

x y z

m

P

l l l

ρ

ρ ρ

= − = −

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1  Designed model (a) and sintered model (b) of titanium 

foam with cube shape 

Substituting the two into Eq.(1), we obtain:  

3

s s

1 (1 )

x y z

m m

a b

l l l Lρ ρ

= +� �  

Because a + b = 1, therefore: 

3

x y z s s

m am

l l l Lρ ρ

=  

Dividing out the same parameters, we obtain: 

 

3

1

x y z

a

l l l L

=

 

Because

1

1

a

δ

=

+

, therefore:

  

1

y

x z

l

l l

L L L

δ = −

 

Line shrinkage refers to the percentage of the length of 

the material after processing. Obviously, there is no easy 

way to apply the line shrinkage. For this purpose, we define 

the length index (θ) as the ratio between the actual value 

and the designed value of the length of sintered foam, 

namely θ = l/L. In the x, y and z directions, we have: 

x

x

l

L

θ = , 

y

y

l

L

θ = , 

z

z

l

L

θ =

 

Substituting them into the last one, we obtain:  

1

x y z

δ θ θ θ= −  

Define the length index product (φ) as the product of the 

length index (θ) in three-dimensional coordinates, we get: 

x y z

ϕ θ θ θ=

 

substituting it into the last one, we obtain:  

1δ ϕ= −

 

Because δ is an indeterminate mathematical constant, φ is 

also an indefinite mathematical constant. In other words, 

the value of δ can be solved by φ. The value of φ can be 

calculated by θ, and the value of θ can be solved by l/L. 

This means that δ can be calculated by measuring the actual 

length (l) of the sintered bubble, because L is a known de-

signed value. When the value of δ is known, the slope a and 

the intercept b in Eq.(1) can be calculated. In this way, a 

regulation equation for porosity can be achieved without 

measuring porosity. 

In the same way, we can use Fig. 2 to describe the di-

mensional change and the appearance of the sintering proc-

ess when the mass and the skeleton material remain un-

changed and the cube design model becomes a cuboid.  

As shown in Fig. 2, the length, width and height of the de-

signed model are no longer equal, which are L

x

, L

y

 and L

z

, re-

spectively. Then the calculation formula for the spacer content 

x is as follows: 

c

s

1

x y z

m

x S

L L L ρ

= = −

 

a b 
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Fig. 2  Designed model (a) and sintered model (b) of titanium 

foam with cuboid shape 

 

The length, width and height of the sintered model are 

also expressed by l

x

, l

y

 and l

z

. Because the calculation 

method for the porosity is the same, so: 

1

y

x z

x y z

l

l l

L L L

δ = −  

In this model, the value of θ in the x, y and z directions are:  

x

x

x

l

L

θ =

, 

y

y

y

l

L

θ = , 

z

z

z

l

L

θ =

 

respectively. So, the result is the same as the designed cube 

model, also:  

δ = φ −1 

We know that the cube and the cuboid are both square. 

The above two results can be attributed to the same kind of 

shape. In addition to the square body, the designed model of 

the titanium foam can be a cylinder. In the same way, we 

can use Fig. 3 to describe the dimensional change and ap-

pearance of the sintering process. 

In this paper, we use capital L to represent the length. So, 

for the designed model, the diameter is L, and the height is 

L

z

. The density and the mass of the frame material are also 

m and ρ

s

, respectively. Then the formula for calculating the 

spacer content x is as follows: 

2

4

1

c

z s

m

x S

L L

= = −

π ρ

 

The cross section of the sintered model may be elliptic 

and the axial lengths are l

x

 and l

y

, since the shrinkage rate of 

the cross sections along the x and y lines is not necessarily 

consistent. Therefore, we use the shape of the elliptic cyl-

inder to describe the sintered model with a height of l

z

. The 

calculation formula for porosity P is as follows: 

s s

4

1 1

x y z

m

P

l l l

ρ

ρ ρ

= − = −

π

 

Substituting the two into Eq. (1), we obtain: 

2

s s

4 4

1 (1 )

x y z z

m m

a b

l l l L Lρ ρ

= +

π π

� �

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3  Designed model (a) and sintered model (b) of titanium 

foam with cylinder shape 

 

Because a + b =1, therefore: 

2

s s

4 4

x y z z

m ma

l l l L Lρ ρ

=

π π

 

Dividing out the same parameters, we obtain:  

 

2

1

x y z z

a

l l l L L

=

 

Because

1

1

a

δ

=

+

, therefore: 

1

y

x z

z

l

l l

L L L

δ = −

 

In this model, the value of θ in the x, y and z directions are:  

x

x

l

L

θ = , 

y

y

l

L

θ =

, 

z

z

z

l

L

θ =

 

respectively. Substituting them into the last one, we obtain:  

1

x y z

δ θ θ θ= −  

Because φ = θ

x

θ

y

θ

z

, therefore δ = φ −1. 

As you can see, the results of the cylinder model are the 

same as the square model. The equation of δ = φ −1 can be 

obtained whether the designed model of the titanium foam 

is a cube, a cuboid or a cylinder. If other metals are used 

instead of titanium, it works the same way. Therefore, as 

long as the metal foam is prepared by the space holder 

technique, the same results can be obtained. To sum up, the 

new theory derived from this paper is shown in Eq. (2): 

δ= φ −1 

                                

     (2) 

Where, the symbols of δ and φ stand for change rate of pore 

volume and length index product, respectively.  

Its physical meaning is that the volume change of the 

pore volume (δ) is equal to the length index product (θ) 

minus 1. Because δ is an indeterminate mathematical con-

stant, so φ is also an indefinite mathematical constant. In 

other words, the value of δ can be solved by φ, and the 

value of φ can be calculated by θ, because φ = θ

x

θ

y

θ

z

−1. 

Meanwhile the value of θ can be solved by l/L, because  

θ

(x, y, z) 

=

 

l

(x, y, z)

/L

(x, y, z)

.  

a 

b 

a 

b 
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Since L is a known designed value, the change rate of 

pore volume (δ) can be calculated by measuring the actual 

length of the sintered bubble(l), thereby obtaining the slope 

(a) and the intercept (b) in Eq.(1). For the cylindrical model, 

similarly to the square model, we can also implement a 

regulation equation for porosity without measuring        

porosity. 

2  Results 

1) This new theoretical equation is based on the results of 

previous research. In 2015, the author published two theo-

ries. One is that the macropores generated from the space 

holder particles shrink their volume during sintering

[10]

, and 

the other is that the relationship between porosity and 

spacer content is linear

[11]

. The second theory is based on 

the first one, and the new theory in present paper is based 

on the first two theories, especially the second theory. 

However, the physical meaning of the slope (a =1/(1+ δ)) 

and the intercept (b=δ/(1+ δ)) of the equation P=ax + b is 

not clear. In this study, the change rate of pore volume was 

studied, and the equation δ + φ=1 was derived. Because the 

length index product (φ) is a physical constant with practi-

cal meaning, the change rate of pore volume (δ) is also a 

physical constant. Similarly, the slope (a) and the intercept 

(b) are also physical constants.  

2) Due to the absence of relevant data, the theoretical 

equations derived from this study require further experi-

mental verification. The requirement for verification work 

is that the macroscopic size of the sintered foam must be 

properly sized so that the measured data can be accurately 

obtained to reduce the experimental error. The compaction 

process is the most important factor in determining the 

regularity of samples. In this step, it is important to keep 

the green compacts close to complete density and uniform 

distribution of residual stress. It is difficult to do this either 

in unidirectional compaction or double compaction. There-

fore, the best way is to first unidirectional pre-compaction 

followed by an isostatic compacting. Laptev et al 

[19]

 studied 

the effects of suppression process on the strength of tita-

nium foam in 2005. According to their research, the smaller 

the size of the spacer particles, the higher the densification 

degree of the green compacts and the slightly higher the 

strength. The larger the volume of the space holder, the 

lower the yield strength of the green compacts. Arifvianto 

et al 

[15]

 characterized the porous structures of the green 

body and the sintered biomedical titanium scaffolds with 

micro-computed tomography. This work mainly tested the 

author's second theory equation P=ax + b. However, these 

experimental data cannot be used to verify the new theo-

retical equations in this paper. Therefore, the physical 

mechanism of the pressing parameters affecting the macro-

scopic scale of sintered foam is the difficulty and key to 

future research work. 

3  Conclusions 

1) The equation δ = φ − 1 is established. Here, φ is the 

length index product, which stands for the ratio between the 

actual length and the designed length of the sintered metal 

foam. It reveals that the length index product (φ) is an in-

definite mathematical constant whose value can be meas-

ured. 

2)  Solving δ means both a and b are solved, so the 

porosity (P) of titanium foam can be predicted by the 

equation P = ax + b, depending on the spacer content (x). 

3) This study links the macroscopic dimensions to the 

porosity equation of the sintered foam. It indicates that the 

porosity control equation can be derived by measuring the 

macroscopic size of the sintered foam without measuring 

the porosity. It can be said that the new theory in this paper 

breaks the shackles of the existing theories, further enrich-

ing the basic theory of pore structure control of sintered 

foam metal. 
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